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Hjelmslev planes (briefly, H-planes) are generalizations of affine and projective 
planes in which any two points are joined by at least one line. An equivalence 
relation, the “neighbor relation,” is defined on the point set by the notion of 
multiple joining; the equivalence classes of points and lines constitute the point 
and line sets of an epimorphic image which is a customary affine or projective 
plane. A full (t, k)-net &- is a generalization of the incidence structures which 
occur as point neighborhoods of finite H-planes: N consists of t2 points and k 
disjoint subsets of lines, each subset being the union of t parallel classes of t 
lines each. (Distinct lines need not be incident with distinct sets of points.) If 
one replaces each such subset by a single contained parallel class, the resultant 
structure is always a net in the sense of Bruck [I] of order t and degree k. 
The existence of a (t, r) H-plane implies the existence of a full (t, r + 1)-net 
[5, Proposition 2.4 and Fact 2.51. Consequently, recent constructions of 
Hjelmslev planes by Drake and Lenz [3,4] and Jungnickel [8] provide examples 
of full (t, k)-nets for a wide variety of integer pairs (t, k). A (t, k)-net is said 
to be group constructible if its lines can be represented by the complete set of 
right cosets of some distinguished collection of subgroups. The known integer 
pairs (t, k) which are the invariants of some group constructible full (t, k)-net are 
much rarer than those occurring for arbitrary full (t, k)-nets. Specifically, 
(qb, q + I)-nets of this type are known to exist where q is an arbitrary prime 
power. These all arise in connection with the neighborhood structures of 
Desarguesian H-planes. (See [5, Proposition 2.131.) 
In Section 1 of this paper, we completely determine the class of full, group 
constructible (t, k)-nets for which t is squarefree: This class contains precisely 
one (6, 3)-net and one (p, p + 1)-net for each prime p, but no further examples. 
A corollary of this, our main theorem, in the following assertion: The only (t, Y) 
H-planes with group constructible neighborhoods for which t is a nonprime 
squarefree number #I must satisfy (t, Y) = (6, 2); further, there are no such 
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projective or affine H-planes. Most of Section 2 is devoted to constructing a (6, 2) 
near affine H-plane (NAH-plane) in which all point neighborhoods and all line 
neighborhoods are group constructible. A (6,2) NAH-plane (which may or may 
not be group constructible) was previously constructed in [2], but the current 
presentation reduces the amount of computation required of the reader. The 
existence of (6, 2) ffi a ne or projective H-planes remains in doubt. 
We refer the reader to [2] for definitions and elementary facts concerning 
H-planes, to [5] for similar information regarding general (t, k)-nets and group- 
constructibility. However, none of this background is needed for the reading of 
Section 1, which is devoted to obtaining a group-theoretic classification of group 
constructible full (t, k)-nets with sequarefree t. 
1. MAIN THEOREM 
The main objects of study in this section are groups from which certain 
incidence structures are constructed. 
DEFINITION 1.1. Let G be a group, V a collection of not necessarily distinct 
subgroups of G. Define J(G, %?) to be the incidence structure whose points are 
the elements of G and whose lines are all of the right cosets of the subgroups in V. 
(If a subgroup H appears with multiplicity d in %7, then each coset of H should 
appear with multiplicity d in J(G, U).) 
The following characterization of group constructible (t, k)-nets is [5, Proposi- 
tion 2.111. 
DEFINITION 1.2. Let R and t be integers 22; G be a group; %? = 
Sl u **a U Fk be a disjoint union of families of subgroups of G such that 
(a) 1 G ( = t2; 
(b) 1q 1 = ... = /qC / = t; 
(c) / H( = tforeachHE%; 
(d) if H, K E %?, then I H n K I = 1 if and only if H and K belong to 
different &; 
(e) no point of G lies in precisely one element of V. 
Then J(G, U) is said to be a group constructible (t, k)-net. One says that 
J(G, %?) is full if V covers G. 
We characterize the groups which give rise to full group constructible 
(t, k)-nets with squarefree t. It is more convenient, however, to begin with the 
following weaker hypothesis on our groups. 
(Hl) G is a group of order t2 with squarefree t # 1, containing a set of at 
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least two families of subgroups of order t, such that each element of G lies in a 
subgroup from some family of the set and subgroups from different families 
intersect trivially. 
PROPOSITION 1.3. Let G satisfy (Hl). T/z en G contains a chain of charac- 
teristic subgroups G = M,, > MI > .. . > MT = E such that each MilMi,, is a 
Sylow subgroup of GIMi+l; hence each MJM,,, is noncyclic of prime square order. 
Proof. Since each element of G lies in some subgroup of order t, the Sylow 
subgroups of G are noncyclic. Let M,, = G, and suppose that t is even. Choose 
Hand K from different families of subgroups, and consider the action of K in the 
permutation representation of G on right cosets Hx of H. Since G = HK, K is 
transitive on this set; since H n K = E, each element is represented regularly. 
In particular, an element of order two in K is a product of t,/2 disjoint trans- 
positions and so is an odd permutation. Then the elements of G which act as 
even permutations form a normal subgroup G1 of index 2. Since Gi has order 
twice an odd number, Gr contains a subgroup of index 2, that is, a normal 
complement MI to a Sylow 2-subgroup of Gi . Then MI consists of all elements 
of Gr of 2’-order, hence is characteristic in G,; then MI is a normal complement 
to a Sylow 2-subgroup of G, hence is characteristic in G. The proof is complete 
when it is seen that a group Mi of square, cubefree odd order necessarily has a 
characteristic subgroup Mi+I of index pz, where p is the smallest prime dividing 
the order of Mi . This follows directly from Burnside’s transfer theorem [7, 
p. 2031, since the automorphism group of a Sylow p-subgroup I’ of Mi has order 
(p” - l)(p2 - p) and h ence the order of (N(P) n M,)/(C(P) n MJ is one. 
In the following sequence of lemmas, we show that if G satisfies (HI), then t 
is not divisible by three primes. A Hall subgroup is a subgroup having relatively 
prime order and index; then each of the subgroups n/ri defined in Proposition 1.3 
is a Hall subgroup. 
LEMMA 1.4. Let G satisfy (HI). Suppose M is a normal Hall subgroup of G, 
and let t2 = 1 G 1 where G = G/M. Then G satisJies (Hl) with respect o t and the 
images of the subgroups in the covering families for G. 
Proof. First, if T < G with / T j = t, we observe that [ T 1 = f. This is so, 
because T = TM/M N T/T n M and T n M is a normal Hall subgroup of T. 
Nowforsubgroups T,SofordertinG, ITSI = ITI-jSl/lTnSI,so 
TS = G if and only if T n S = E. Similarly T n S = E if and only if 
T . S = G. Then T n S = E implies T n s = E. The conclusions follow 
easily. 
For the next two lemmas, we assume that G satisfies (HI) and that / G I is 
divisible by at least two primes p, q. We let M denote a normal Sylow p-subgroup 
of G, N/M a normal Sylow q-subgroup of G/M. 
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LEMMA 1.5. C,(M) = M. 
Proof. Otherwise, C,(M) > M. Thus there is an element x which has 
prime order r # p and centralizes M. As y ranges over the nonidentity elements 
in M, the cyclic subgroups (xy) cover the elements of M. Since all these sub- 
groups contain X, all belong to the same family. However, every covering 
subgroup of order t contains some elements of order p; so there cannot be two 
families, a contradiction to (HI). 
The subgroup M can be regarded as a two-dimensional vector space over 
GF(p) on which G/M acts as linear transformations. In this language, we have 
LEMMA 1.6. Some element of order q in N acts as a scalar matrix on M. 
Proof. Let x be any element of order q in N. Any subgroup K of order t 
which contains x contains a normal subgroup K n M of order p, and so x 
normalizes some subgroup of order p. By Maschke’s theorem [6, pp. 66, 691, 
x normalizes a second subgroup of order p in M. Suppose x is not scalar on M. 
As a linear transformation on M, x then has two subspaces as eigenspaces with 
distinct eigenvalues. Let Q be a Sylow q-subgroup of G containing X. Since Q 
centralizes x, Q preserves the two eigenspaces for x. Thus if we choose a basis 
from the two eigenspaces, Q is a group of diagonal 2 >< 2 matrices. Since the 
multiplicative group K = GF(p) is cyclic and Q is noncyclic, Q consists of the 
diagonal matrices with entries chosen from the unique subgroup of order q in 
(K - {0}, .). It is now clear that the matrix group Q contains scalar matrices. 
The promised reduction on the one- or two-prime case can now be made. 
LEMMA 1.7. If G satisfies (Hl), then 1 G j = p2q2 or p2 with p, q prime. 
Proof. If not, we may assume that 1 G j is divisible by three primes only; for 
otherwise G/Ma is a counterexample: see Proposition 1.3 and Lemma 1.4. By 
Lemma 1.6, there is an element x of order q which acts as a scalar on M. Then 
in G = G/M, a = (x) is central. Hence Maschke’s theorem implies that B has a 
G-invariant complement i? in N. Since .E? is cyclic of prime order q, e/C(B) is 
cyclic. However, since A is central in G, C(B) = C(A . B) = C(N). However, 
- -. 
Lemma 1.5 (applied to G) implies that C(m) = N. Thus G/N is cyclic, a contra- 
diction. 
Henceforth, we employ the full hypothesis: namely, that ](G, %‘) is a full group 
constructible (t, k)-net with t squarefree. 
It is obvious that W is determined for G = C, @ C,: V? consists of p copies of 
each of the p + 1 distinct cyclic subgroups of G. The case where t = pq requires 
more detailed analysis. From Lemma 1.5 and the proof of Lemma 1.6, it is easy 
to deduce the following structure for G. 
G = (b, d, a, c: bp = dP = aq = cq = e = [b, d] = [a, c] = [a, d] = [c, b], 
de = dk, b” = b”) where k is a primitive root of XQ = 1 (modp). 
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Here (6, d) = M is the normal Sylow p-subgroup of M, and Q = (a, c> is a 
Sylow q-subgroup of G. Observe that (bdi) is normalized only by elements of 
K = (b, d, ac) if 0 < i < p. Then every element of the set 5’ = G - K must 
be covered by a subgroup H of Q which contains either (b) or (d). Each such H 
contains precisely pp -p of the p2q2 - p2q elements of S. Since each element 
must belong to at least two subgroups from %? and since there are pq subgroups 
per family, (6) and (d) must determine distinct families; and each element of 5’ 
must be covered exactly twice. It follows that exactly half the sets (b, d, c) - M, 
(b, d, a&) - M, with 1 < i < q, must be covered by each of the (b)- and 
(d)-families. Then q is even, i.e., 4 = 2. 
We next show that p = 3 and that the choice of families in G is unique. 
Consider the coverage of thep2 conjugates of ac, i.e., of thep2 elements of K - M. 
Any subgroups H, H’ of V which contain conjugates of ac are contained in K and 
therefore intersect. This means that all the conjugates of ac are covered by one 
family which also covers the subgroups (bdi), 0 < i < p. Since each subgroup of 
the form conjugate to (bdi, ac) contains p conjugates of ac, the 2p subgroups of 
the family must cover each conjugate exactly twice. Now suppose that, for some i, 
the cyclic subgroup (bdi) is contained in exactly r < p members of the family. 
Choose H to be one of these r subgroups. Then each of the 2p - r remaining 
subgroups meets H is a conjugate of ac, and therefore one of the p conjugates of 
ac is covered by H and at least two other subgroups in the family, a contradiction. 
Thus there are exactly two choices for (bdi), and sop = 3. 
Finally, 4 = 2 implies that k = -1, so G is determined. Now each of the 
(b)- and (d)-families covers a different one of (b, d, c), (b, d, a). Since bc is an 
element of order t = 6, bc must be covered by the subgroup (bc). Then the 
(b)-family covers (b, d, c). One now easily sees that the covering families Vi of 
subgroups are also determined. Specifically, 
V, consists of two copies each of (b, c), (b, cd), (6, cd2>; 
g2 consists of two copies each of (d, a), (d, ab), (d, aba); and 
g2 = ((bd, ac), (bd, acb), (bd, acb2), (bd2, ac), (bd2, acb), (bd2, acbz)). 
We have proved 
THEOREM 1.8. There is precisely one full group constructible (t, k)-net with 
(t, k) = (6, 3) andp recisely one such with (t, k) = (p, p + 1) for each prime p. If t 
is a squarefree nonprime integer f6, there is no full group constructible (t, k)-net 
for any k. 
2. CONSEQUENCES FOR HJELMSLEV-PLANES 
The reader is again referred to [2] for definitions and background information 
on H-planes. A group constructible (t, r) H-plane is defined to be a (t, r) H-plane 
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%’ in which every point neighborhood is a full group constructible (t, r + l)-net 
and every line neighborhood is the dual of a group constructible (t, k)-net. Here 
K = Y + 1 if .% is a projective H-plane (PH-plane), and K = Y if .X is an 
affine or near affine H-plane (AH- or NAH-plane). 
In order to state our results, we introduce the following notation. Let S(PH), 
S(AH), resp., S(NAH) be the spectrum of all pairs (t, r) for which t is a squarefree 
integer #1 and such that there exists a group constructible (t, r) PH-, AH-, 
resp., NAH-plane. When one maintains the restrictions on t but demands only 
that all point neighborhoods or only that all line neighborhoods be group 
constructible, we obtain spectra denoted by S(PH, P), S(PH,L), etc. 
THEOREM 2.1. S(PH) = S(PH, P) = S(PH,L) = S(AH) = S(AH, P) is 
the set 9’ of all pairs (p, p), p a p rime number. S(NAH) = S(NAH, P) = 
9 u ((6,2)). 
Proof. By duality, S(PH, P) = S(PH,L). It then follows from Theorem 1.8 
that each of the spectra listed in Theorem 2.1 is contained in Y u {(6,2)}. On 
the other hand, it was noted in [5, Proposition 2.131 that every Desarguesian 
PH-plane is group constructible. Let R denote the ring ZJx]/(x2), p a prime 
number. A theorem of Klingenberg [9] asserts that such an R coordinatizes 
a Desarguesian PH-plane 2 (by means of homogeneous triples of elements of R, 
not all in Rad R). One easily computes that this Z has invariants (t, r) = (p, p). 
It follows that 9 is contained in S(PH) and in S(PH, P) = S(PH, L). 
From a (t, r) PH-plane &‘, one may construct a (t, r) AH-plane d as follows: 
remove from H a neighbor class of lines and the incident points (a union of 
complete neighbor classes); define a parallelism on the lines of JZZ with the aid 
of g, a designated one of the removed lines. (Lines of & are parallel precisely when 
in Z they contained a common point of g.) It follows that Y C S(PH) C S(AH) C 
S(AH, P). By definition, the incidence structure of every AH-plane is an 
NAH-plane. Thus Y C S(AH) C S(NAH) C S(NAH, P). 
To complete the proof of Theorem 2.1, it now suffices to ascertain which of 
the seven spectra contain the pair (6, 2). Accordingly, we now turn to the task 
of creating a group constructible (6, 2) NAH-plane. 
The definition of an arbitrary (t, k)-net (See [5, Definition 2.11) includes the 
assumption that the line set decomposes into K equivalence classes called zings 
with the property that two lines belong to different zings precisely when their 
intersection size is 1. An easy argument establishes the following 
Fact 2.2. Let J(G, %) be a group constructible (t, k)-net. Then, in the 
notation of Definition 1.2, the zings of J(G, %7) are the J(G, ZQ. 
We use the following result from [5, Proposition 2.91 in constructing our 
(6, 2) NAH-plane. (In the statement, we have written (9, S) to denote an 
incidence structure with point set 9 and line set 9. Although lines are regarded as 
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subsets of points, we do allow multiplicities; i.e., two lines may be distinct, yet 
incident with exactly the same points.) 
PROPOSITION 2.3. Let (9, 9) b e a full (t, Y + I)-net with zings g1 , 
9 ~4 2 >-.., r be the order of an a&e plane. For 1 < j < r + 1, let (ZIj , &) 
denote a dual (t, r)-net whose dual zings are denoted by 9[ j, k] where k ranges over 
all integers from 1 to r + I except j. Suppose that there exists an isomorphism from 
(g’, gk) onto (9[ j, k], %) for all j, k < r + 1 with j # k. Then there exists a 
(t, r) NAH-plane in which allpoint neighborhoods are isomorphic to (9, 9) and each 
line neighborhood is isomorphic to one of the (Z?j , 6). 
To apply Proposition 2.3, we must obtain one full group constructible (6, 3)- 
net and three dual group constructible (6,2)-nets. The unique (6, 3)-net meeting 
our requirements was obtained in the proof of Theorem 1.8. For ease in reading, 
we repeat the definition here. Let 
G = D, @D, = {a, 6) @ (c, d), 
where a2 = c2 = b3 = d3 = 1, ba = b2, dC = d2. Let %r consist of two copies 
each of (bc), (bed), (bcd2); V2 of two copies each of (da), (dab), (dab2); V, of 
one copy of each of (bd2, ac), (bd2, abed), (bd2, ab2cd2), (bd, ac), (bd, abcd2), 
<bd, ab2cd). Then J(G, $7) is a full (6,3)-net with V = %?, u V, u Vs. Let 
H=Z,@Z,=(e)@(f). 
We let 9r consist of three copies each of (e) and (ef 2), g2 of three copies each 
of (f) and (e4f), and set 9 = .9r u CBz . Then (see Definition 1.2) J(H, 9) 
is a (6, 2)-net. Finally, let K denote 
where yp = flay and ya = c+. We let b, consist of three copies each of (S, a/3) 
and (S, $12); g2 of one copy each of h1 = (a, y), hz = (a, /3y), h, = (01, /Iv), 
k, = (/I, r), k, = (8, a~), and k, = (/3, a2r). Then J(K, &) is a (6, 2)-net with 
8 = 81 u cf2 . 
, We write Jd to denote the dual of J. To prove the existence of a group con- 
structible (6,2) NAH-plane using Proposition 2.3, it now suffices to prove the 
existence of isomorphisms & from J(G, U,) to Jd(H, Qr), +a from J(G, %?r) to 
Jd(K, &r), and $s from J(G, %s) to Jd(K, ~9~). That we need two dual (6,2)-nets 
and three isomorphisms rather than the expected three and six is due to the 
existence of isomorphisms from J(G, ~$7~) to J(G, F2) and from Jd(H, ~9~) to 
Jd(H, B2). The first of these isomorphisms is induced by the automorphism of 
the group G which maps a, b, c, d, respectively, onto c, d, a, b. The second is 
induced by the automorphism of H which maps e and f, respectively, onto f 
and e-r. 
481/48/2-g 
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We begin by proving the existence of +1 . Ley G’ = (b, c, d). Since all elements 
of @I are contained in G’ and since [G : G’] = 2, the incidence matrix of J(G, V1) 
is of the form 
M 0 [ 1 0 M’ 
where 0 is the 18 x 18 matrix of o’s and M is an incidence matrix of J(G’, U,). 
(Here and in the following exposition, we use columns to represent lines, rows to 
represent points.) It is also clear that we may take 
AA 
M= A A, I 1 A A 
where A is an incidence matrix of 
J(G’l<b), {WW, (W/(b), @cd2>/(b>D 
Let H’ = (e, fa). Then Jd(H, 9r) has an incidence matrix of the form 
N 0 
[ I 0 N’ 
where N is an incidence matrix of Jd(H’, 9$). One may take N to be of the form 
where B is an incidence matrix of 
JV’lW, i(e>/(e3>, (ef2>/<e3X)~ 
If one can obtain a common incidence matrix A = B for the incidence structures 
described above, the proof of the existence of $1 is complete. We display such a 
matrix below. 
AzzB= 
000000111 
100100100 
010010010 
-0 0 1 0 0 1 0 0 1, 
-1 1 1 0 0 0 0 0 0’ 
000111000 
We leave to the reader the details of proving that Jd(K, 6,) may be represented 
GROUPS, (t, A)-NETS, H-PLANES 329 
by the incidence matrix just produced for J(G, +Yr) and Jd(H, Br), hence that +s 
exists. 
To guarantee the existence of +s, it suffices to find an isomorphism from 
J(G”, V2) onto Jd(K”, 8s) w h ere G” = (b, d, ac> and K” = (a, /I, y). There is a 
unique isomorphism 8: K -+ G” defined by the requirements: 0(a) = bd, 
e(p) = bd2, 0(y) = UC. Since 0 maps the six subgroups of g2 onto the six sub- 
groups of %?s ,0 induces an incidence structure isomorphism from J(K”, 8,) onto 
J(G”, %?a). To prove the existence of +a, then, it suffices to find a duality of 
J(K”, a,). Then it suffices to find a symmetric incidence matrix for J(K”, 8,). 
We display such a matrix M in Scheme 1. The rows of M represent, in succession, 
the points: 1, a, a2; 8, B”; Y, a~, a2y; PY, SPY, a”rSr; B”Y, 4zY, a2F2r; at% d2, a2P, 
a2/3”. The columns of M represent, in succession, the lines: h, = (a, y), 
k2 = <a, PYBY), ha = (a, P2r>; 4.h hd2; k, = @, Y>, 4 = 0% ory), 4 = 6% a?>; 
k2a, k3a, kla; k3a2, k1a2, k2a2; h& h,p2, h,fl, h2p2. For ease in reading, all O’s have 
been omitted from the displayed matrix. 
M= 
1 1 1 
1 1 1 
1 1 1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 1 
1 1 
1 1 
1 
1 
1 
1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 1 1 
1 1 1 1 1 
1 1 1 
1 1 1 
1 1 1 
_ 
1 1 1 1 1 
1 1 1 1 1 
1 1 1 11 
1 1 1 1 1 
1 1 1 1 1 
1 1 1 1 1 
1 1 1 1 1 
1 1 1 1 1 
1111 1 
I 
1 1 1 1 1 
SCHEME 1 
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This completes the proof of the existence of a group constructible (6,2) NAH- 
plane. 
Assume now the existence of a (6,2) AH-plane X with group constructible 
point neighborhoods. Part of the structure of an AH-plane 8 is an equivalence 
relation called “parallel” defined on the line set in such a manner that each 
point of 8 lies on a unique line of each parallel class. Since the group construc- 
tible full (6, 3)-net is unique, there exists a set Q of 18 lines of s together with 
a set .Y of 18 mutually neighbor points of # with incidence matrix the matrix M 
of Scheme 1. In the following exposition, we write N to denote the relation “is 
neighbor to.” If (P, g) and (Q, h) are flags with P N Q, then either g - h, or 
g n h contains a point neighbor to P. Clearly then, the 18 columns of M represent 
18 neighbor lines of H. Let N be a 36 x 18 (0, 1)-matrix such that 
is an incidence matrix for the lines of 9 together with the points of Y u .F 
where F is the second neighbor class of points which possesses points lying on 
the lines of a. 
Now the incidence matrix M arises by considering the cosets of six subgroups 
of G of order 6 which occur in a subgroup of G of order 18. Each of these six 
subgroups has intersection size 3 with two others and intersection size 2 with 
three others; hence each of the 18 lines meets 2 * 2 + 3 * 3 = 13 other lines of 4 
in points of Y. Let g be any line of %. Since all lines parallel to g which contain 
points of Y must be neighbor to g, two of the four nonintersecting lines of @ 
must be parallel to g. Then each g of % intersects at most two other lines of 4? in 
points of F: nonneighbor points are joined by only one line. Since each of the 
18 lines of @ contains six of the 36 points of 7, there are on average three l’s 
per row of N. hence, precisely three l’s per row. Then each line of % has two 
neighbors whose intersections with F coincide. On the other hand, Z& induces 
on the points of F an incidence structure which is isomorphic to J(G, V), the 
unique group constructible full (6, 3)-net; and in this (6, 3)-net, no more than 
two lines are incident with a common set of 6 points. This contradiction 
estabIishes the nonexistence of (6, 2) AH-planes with group constructible point 
neighborhoods. Consequently, there are also no such PH-planes, and the proof 
of Theorem 2.1 is complete. 
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